In this paper we present the perturbative computation of the renormalization functions for the quark field and for a complete set of ultra-local fermion bilinears. The computation of the relevant Green's functions was carried out at 1-loop level for the staggered action using massive fermions. The gluon links which appear both in the fermion action and in the definition of the bilinears have been improved by applying a stout smearing procedure up to 2 times, iteratively. In the gluon sector we employed the Symanzik improved gauge action for different sets of values of the Symanzik coefficients. The renormalization functions are presented in (two variants of) the RI ′ and in the MS renormalization scheme; the dependence on all stout parameters, as well as on the fermion mass, the gauge fixing parameter and the renormalization scale, is shown explicitly. This work is related to our recent paper [Phys. Rev. D86 (2012) 094512, arXiv:1209]. To make our results easily accessible to the reader, we include them in the distribution package of this paper, as a Mathematica input file, "Staggered.m" .
I. INTRODUCTION
In recent years, significant improvements have been made in the use of matrix elements of operators, made out of quark fields, to extract mass spectra, decay constants and a plethora of hadronic properties [1] [2] [3] . Although naive (unimproved) staggered fermions were introduced more than 3 decades ago [4] , their discretization errors and their relatively large taste mixing posed a limit on the accuracy of results from simulations, despite their relatively low computational cost. This situation called for improvement; the outcome of such efforts was some of the most accurate discretizations used to date for high-precision simulations. One specific direction regards improving the fermion action (see, e.g. [5, 6] ); in particular, the introduction of stout links in the action which has recently been put to use [7, 8] , allows simulations to be carried out at near physical parameters. Compared to most other improvements, stout smearing leads to smaller taste violating effects [9] .
Changes in the lattice action and in the discretization of operators imply that renormalization functions must be determined afresh, either perturbatively or non-perturbatively. In many cases non-perturbative estimates of renormalization functions are very difficult to obtain, due to complications such as possible mixing with operators of equal or lower dimension, whose signals are hard to disentangle. For this reason, and in order to provide cross-estimates which have a reduced systematic error, the perturbative study of a variety of fermion operators is widely employed in numerical simulations of QCD on the lattice (see, e.g. [10] and references therein, also [11] [12] [13] [14] [15] ).
Within the staggered formulation using massive fermions we compute the fermion propagator and Green's functions of a set of local taste-singlet bilinears O (scalar (S), pseudoscalar (P), vector (V), axial (A) and tensor (T)). Our computation is performed to 1 loop and to lowest order in the lattice spacing, a. We also extract from the above the renormalization functions of the quark field Z q , quark mass Z m and fermion bilinears Z O . This work is a continuation to our recent paper [8] , in which we presented our perturbative results for Z q , Z T and Z S ; it is the first 1-loop computation of these quantities, using staggered fermions with stout links. In the present paper, we provide the details of the perturbative calculation and our results for the propagator and for the Green's functions, as well as the renormalization functions of all operators, including the vector, axial and pseudoscalar cases. Older results with staggered fermions [11] in the absence of stout smearing and for the Wilson gluon action are in complete agreement with our results.
Stout links [16] , rather than ordinary links, have been used both in the fermion action and in bilinear operators. Following Ref. [8] , we use 2 steps of stout smearing with generic smearing parameters (ω 1 , ω 2 ). We emphasize that the results for the bilinear Green's functions depend on 4 stout parameters, 2 due to the action smearing (ω A1 , ω A2 ) and 2 more coming from the smearing of the operator (ω O1 , ω O2 ); no numerical value needs to be specified for these parameters. The extension to further steps of stout smearing can be achieved with relative ease. For gluons we employ the Symanzik improved action. Our final expressions for the Green's functions exhibit a rather nontrivial dependence on the external momentum (q) and the fermion mass (m), and they are polynomial functions of the gauge parameter (α), stout parameters (ω Ai , ω Oi ), and coupling constant (g); furthermore, most numerical coefficients in these expressions depend on the Symanzik parameters of the gluon action.
The 1-loop expressions for the renormalization functions are presented in the mass-independent RI ′ scheme; for the vector and axial renormalization functions we also employ an alternative RI ′ scheme which might be more useful in renormalizing non-perturbative matrix elements. Furthermore, for comparison with experimental determinations and phenomenological estimates, it is useful to present our results also in the MS scheme; we do so, paying particular attention to the possible alternative definitions of γ 5 .
Results for Z q , Z m , Z O exist for simpler actions to O(g 4 ) and/or O(g 2 a n ), see e.g., Refs. [14, 17] for 2-loop renormalization of flavor singlet and non-singlet local fermion bilinears, Ref. [13] for Z m to 2 loops, Ref. [18] for 1-loop renormalization of the fermion propagator and bilinears to O(a 1 ), and Refs. [15, 19, 20] for the fermion propagator and bilinears with 0 and 1 derivatives to 1-loop and to O(a 2 ). The extension of the present computation beyond 1 loop and/or beyond O(a 0 ) becomes exceedingly complicated: One reason for this is the appearance of divergences in nontrivial corners of the Brillouin zone; also, a 2-loop calculation requires vertices with up to 4 gluons, which are extremely lengthy in the presence of stout links (estimated length: > 10 6 terms). To make our results easily accessible, we accompany this paper with an electronic document, in the form of a Mathematica input file ("Staggered.m"), allowing the reader to extract the expressions for any choice of the action parameters. This document contains: • The 1-loop inverse fermion propagator, • The 1-loop amputated Green's functions relevant to all ultra-local operators, and • The renormalization functions in the RI ′ scheme, for the fermion field and for all bilinears. In addition, in "Staggered.m" we provide the expressions for the 1-and 2-gluon "doublystout" links for different stout parameters in the first and second smearing step.
The outline of this paper is as follows: Section II regards a brief theoretical background in which we introduce the formulation of the action and of the operators which we employ. Section III contains a summary of the calculational procedure for the fermion propagator and for the Green's functions of the bilinear operators. We also present the most general results for these quantities using the tree-level Symanzik improved gluon action. The renormalization functions are derived in Section IV for different renormalization schemes, and we provide their expressions for tree-level Symanzik gluons. Finally, we conclude in Section V with a discussion of our results and possible future extensions of our work. For completeness, we have included 3 Appendices containing: A: the stout smeared links, B: the numerical results of the propagator for the Wilson and tree-level Symanzik actions, and C: a description of the Mathematica file "Staggered.m" .
II. FORMULATION A. Lattice actions
Our perturbative calculation makes use of the staggered fermion action. Let us briefly go over the derivation of the latter, starting from the naive fermion action:
where f is a flavor index. Given that, to 1 loop in perturbation theory, the quantities of interest do not depend on the number of flavors, we will drop the index f from this point on. The covariant derivative, D µ , is defined as:
The absence of the Wilson term in the naive action of Eq. (1) leads to the well-known doubling problem. The standard passage to the staggered action entails the following change of basis:
4 , x = (a n 1 , a n 2 , a n 3 , a n 4 ), n i ǫ Z .
Using the equalities
the lattice fermion action takes the form:
Thus far, we have rewritten the usual lattice action. But the crucial step now is that the Dirac matrices have disappeared, and they have been replaced by the phase factors η µ (x); in the new basis, the naive action consists of 4 identical parts, one for each value of the spinor index carried by the spinor χ. Dropping this index altogether leads to the standard staggered fermion action, S stag , containing 4 rather than 16 fermion "tastes" (doublers). These 4 tastes contain a total of 16 components, which are split over a unit hypercube by assigning only a single fermion field component to each lattice site.
Following the non-perturbative work of Ref. [8] we apply stout smearing according to Ref. [16] , to all links appearing in S stag : Each link U µ (x) = exp(i g a A µ (x + aμ/2)) is replaced by a stout link U µ (x), defined as [21] :
where the definition of Q µ (x) is:
ω is a tunable parameter, called stout smearing parameter, and V µ (x) represents the sum over all staples associated with the link, U µ (x). In the present work we need the contributions of Q µ (x) up to 2 gluons, to which the trace terms in Eq. (7) are irrelevant; the contributions can be read from the terms:
(U −ρ (y) ≡ U † ρ (y − aρ), ρ > 0). The above procedure can be performed iteratively, by dressing the links more than once, in order to improve the convergence to the continuum limit. In the framework of our calculation we use "doubly-stout" links:
where Q is defined as in Eq. (7), but using U as links (also in the construction of V µ ). Such links have been employed in numerical simulations in Refs. [7, 9] . To obtain results that are as general as possible, we use different stout parameters, ω, in the first (ω 1 ) and the second (ω 2 ) smearing iteration. This allows for further optimization of improvement, by separate tuning of the two parameters; it also provides a check of the perturbative calculation by comparing the limit ω 1 = 0 (or ω 2 = 0) to the case of a single step of stout smearing. We smear both the links in S stag and those in bilinear operators (see following subsection), so that we have a total of 4 stout parameters that we keep different from one another. In Appendix A we present the 1-gluon link, U (1) , for general ω 1 and ω 2 , as well as the 2-gluon link, U (2) ; due to space limitations, the lengthy expression for U (2) (a total of ∼500 terms) has been presented only for ω 2 = 0. The general expression for the 2-gluon link with 0 = ω 1 = ω 2 = 0 is provided in the Mathematica file. 
The coefficients c i can in principle be chosen arbitrarily, subject to the following normalization condition, which ensures the correct classical continuum limit of the action: Some popular choices of values for c i used in numerical simulations will be considered in this work, and are itemized in Table I of Ref. [20] . They include the Wilson case (c 0 = 1, c 1 = c 2 = c 3 = 0), and the tree-level Symanzik, TILW (tadpole improved Lüscher-Weisz), Iwasaki and DBW2 actions. In the results presented in paper form we use the tree-level Symanzik action (c 0 = 5/3, c 1 = −1/12, c 2 = c 3 = 0). Our 1-loop Feynman diagrams do not involve pure gluon vertices, and the gluon propagator depends only on three combinations of the Symanzik parameters:
Therefore, with no loss of generality we choose c 2 = 0.
B. Definition of operators
In the staggered formalism one defines fields that live on the corners of 4-dimensional elementary hypercubes of the lattice [22] , [11] , [23] . The position of a hypercube inside the lattice is denoted by the index y, where y is a 4-vector with components y µ , which are even integers (y µ ǫ 2Z). The position of a fermion field component within a specific hypercube is defined by one additional 4-vector index, C (C µ ∈ {0, 1}).
To be able to obtain the correct continuum limit, both for the action and for operators containing fermions, we relate χ with the physical field Q β,b (β: Dirac index, b: taste index). In standard notation:
where ξ C is defined similarily to γ C (Eq. (3)), that is:
In terms of the field Q one can now define fermion bilinear operators as follows:
where Γ and ξ are arbitrary 4 × 4 matrices acting on the Dirac and taste indices of Q β,b , respectively. After rotating into the staggered basis, the operator O Γ,ξ can be written as [11] :
In this work we focus on taste-singlet operators, thus ξ = 1 1. The operator of Eq. (14) is clearly not gauge invariant, sinceχ and χ are defined at different points of the hypercube. To restore gauge invariance, we insert the average of products of gauge link variables along all possible shortest paths connecting the sites y + C and y + D. This average is denoted by U C,D and the gauge invariant operator is now
From the definition of Eq. (15), as well as the equalities of Eq. (4), we can further simplify the expression for the operator O Γ , using:
where
Here and below, in expressions such as D +μ the sum is to be taken modulo 2. Using Eqs. (17), the operators can be written as:
With the exception of the scalar operator, the remaining operators contain averages of products of up to 4 links (in orthogonal directions) between the fermion and the antifermion fields. For example, the average entering the tensor operator of Eq. (20) is:
valid when (D +μ +ν) i ≥ D i , i = 1, 2, 3, 4, and similarly for all other cases.
III. CALCULATION OF GREEN'S FUNCTIONS
In this section we describe some of the technical aspects of the calculation and present our results for 1-loop Green's functions. As a starting point one must derive the vertices for the staggered action and the operators, up to 2 gluons, as required in our 1-loop computation. For this reason one may use an equivalent expression of η µ (x) appearing in the action:
Using this form of η µ (x), instead of the definition of Eq. (4), simplifies the expression for O Γ in terms of Fourier transformed fields,
Thus, after Fourier transformation, the quark-antiquark vertices of Eqs. (18) - (20), without stout smearing, become:
As for vertices containing gluons, we give here as an example the 1-gluon vertex of the vector operator, including double stout smearing:
where µ is the index of the inserted Dirac matrix (γ µ ) and ρ is the index of the gluon.
Given that the argument y of the operators O Γ runs only over even integers, summation over the position of O Γ , followed by Fourier transformation, leads to expressions of the form:
where δ 2π (k) stands for the standard periodic δ-function with non-vanishing support at k mod2π = 0. Since contributions to the continuum limit come from the neighborhood of each of the 16 poles of the external momenta q, at q µ = (π/a)C µ , it is useful to define q ′ µ and C µ through
where the "small" (physical) part q ′ has each of its components restricted to one half of the Brillouin zone: −π/(2a) ≤ q ′ µ ≤ π/(2a). Thus, conservation of external momenta takes the form:
For the algebraic operations involved in evaluating the Feynman diagrams relevant to this calculation, we make use of our symbolic package in Mathematica; a description of this can be found, e.g., in a previous publication [19] .
A. Fermion propagator
We compute the 1-loop correction to the fermion propagator in order to obtain the renormalization function of the fermion field, an essential ingredient for the renormalization of the operators O Γ . The tree-level fermion propagator in the basis of the χ fields can be written as:
The 1-loop Feynman diagrams that enter the calculation of the 2-point, 1-particle irreducible (1PI), amputated Green's function, S −1 (p), are illustrated in Fig. 2 . We have computed S −1 (p) for general values of: the gauge parameter α (α = 0: Landau gauge, α = 1: Feynman gauge), the stout smearing parameters ω A1 , ω A2 , the Lagrangian mass m, the number of colors N c and the external momenta q 1 , q 2 . We have obtained results using different sets of values for the Symanzik coefficients (shown in Ref. [19] ). In presenting our result, Eq. (36), for S −1 (p) up to 1 loop, the quantities e 1 , e 2 are numerical coefficients that depend on the Symanzik coefficients and the stout smearing parameters. In Appendix B we provide the general form of e 1 , e 2 and tabulate their numerical values for the Wilson and tree-level Symanzik cases; for other actions see Appendix C. In all expressions the systematic errors (coming from an extrapolation to infinite lattice size of our numerical loop-integrals) are smaller than the last digit we present.
, and C 1 is defined in Eq. (33). Eq. (36) does have the expected structure of an inverse propagator, once one identifies, in the continuum limit:
We denote the expression in square brackets, in the last line of Eq. (36), as Σ m (q 2 , m); from this we will extract the multiplicative renormalization of the Lagrangian mass, Z m .
B. Fermion bilinears
In the context of this work we also study the 1PI, amputated, 2-point Green's functions of the operators O Γ , defined in Eqs. (18) . The 1PI Feynman diagrams that enter the calculation of the above Green's functions are shown in Fig. 3 , and include up to 2-gluon vertices extracted from the operator (the cross in the diagrams). The appearance of gluon lines on the operator stems from the product U C,D in the operator definition (Eq. (16)) 1 .
FIG. 3: 1-loop diagrams contributing to the fermion-antifermion Green's functions of the bilinear operators. A wavy (solid) line represents gluons (fermions). A cross denotes an insertion of the operator OΓ.
Analogous expressions to Eq. (36) arise for the bilinears as well. We note that the extraction of Z OΓ in a massindependent scheme, such as RI ′ -MOM, necessitates evaluation of Λ
1−loop OΓ
for m = 0 only. Nevertheless, we have included a nonzero Lagrangian mass our computations; this allows us to derive the renormalized Green's functions at m = 0. Comparing the latter with results using a different regularization scheme (e.g. dimensional regularization) provides another check in our computation.
Although computing the diagrams of Dropping an overall Dirac δ-function of momentum conservation, and denoting the physical momentum of the fermion and antifermion by p, we obtain Λ
The quantities λ O are independent of the mass, gauge parameter, external momentum and lattice spacing; they depend on the gluon action and the stout parameters. As discussed earlier, we have employed different parameters for the 2 smearing steps; in fact, we have also kept the parameters of the action's smearing procedure (ω A1 , ω A2 ) distinct from the parameters of the operator smearing (ω O1 , ω O2 ). For the tree-level Symanzik action and for general values of the stout parameters we obtained:
(46) 
We note in passing that in the absence of stout smearing (ω Ai = ω Oi = 0) λ V = 0 which implies that Z (59), (68)), as is well known from current conservation. In addition, Eq. (44) shows that non-renormalization of O V applies also when ω Ai = ω Oi ; this follows from the fact that the stout link version of O V mimics that of the action, and thus current conservation applies equally well in this case.
The dependence of the Green's functions of Eqs. (38) - (42) on mass and external momentum is regularization independent and agrees for instance with the results of Refs. [18, 20] . As is well known, in the limit of zero mass the vector and axial Green's functions beyond tree level are not multiples of their tree-level values: There appear additional, finite contributions with tensor structures which are distinct from those at tree level. These contributions, denoted as Σ 
A similar contribution for the tensor bilinear does not appear up to, and including, 3 loops [24] . The role of Σ
V and Σ (2) A in the renormalization of O V and O A will be discussed in the next section.
IV. RENORMALIZATION FUNCTIONS
A. Fermion field and fermion bilinear renormalization functions in the RI ′ -MOM scheme
Renormalization functions (RFs), for operators and action parameters, relate bare quantities, regularized on the lattice, to their renormalized continuum counterparts:
The RFs of lattice operators are necessary ingredients in the prediction of physical probability amplitudes from lattice matrix elements. In this section we present the multiplicative RFs, in the RI ′ -MOM scheme, of the fermion field (Z q ), the fermion mass (Z m ) and the fermion bilinears.
The RI ′ -MOM renormalization scheme consists in requiring that the forward amputated Green's function Λ(p), computed in the chiral limit and at a given (large Euclidean) scale p 2 = µ 2 , be equal to its tree-level value. Our results for the RFs are presented for arbitrary values of the renormalization scale µ. This requirement leads to the following definitions for Z
where S −1 tree is the tree-level result for the inverse propagator, and Λ tree OΓ is the tree-level value of the Green's function for O Γ .
The presence of Σ (2) V and Σ (2) A in the 1-loop Green's functions of O V and O A makes a prescription such as Eq. (53) inapplicable in those cases. Instead we employ:
and thus take into account only the terms in Λ V, A which are proportional to their corresponding tree-level values. The expressions we obtain using our results for Λ 
(55)
(56)
In order to compare perturbative and non-perturbative estimates of RFs one clearly needs to employ the same renormalization prescription in both cases. In the context of a numerical simulation the term Σ (2) for the vector and axial cases is often not removed from the Green's functions, in a way which is analogous to what is done perturbatively in Eq. (54). Therefore, an alternative RI ′ renormalization prescription appears more natural:
Using the above prescription, the extracted Z RI ′ alter V and Z
RI
′ alter A take the form:
In this section we provide the expressions for the RFs in the MS continuum scheme, using conversion factors adapted from Ref. [24] . These conversion factors do not depend on the regularization scheme (and, thus, they are independent of the lattice discretization), when expressed in terms of the renormalized coupling constant. However, expressing them in terms of the bare coupling constant introduces a dependence on the action. In our analysis we use 1-loop formulae, which are action independent. The definition for the conversion factors C O , is as follows:
The above conversion factors refer to the Naive Dimensional Regularization (NDR) of the MS scheme (see e.g., Ref. [25] ), in which C P = C S and C A = C V . From Eq. (65) one obtains:
Other modified minimal subtraction schemes are related to NDR via additional finite renormalization and affect the operators which include a γ 5 , due to the nonunique generalization of γ 5 to D dimensions. Thus, the treatment of the pseudoscalar and axial operators in the MS scheme requires special attention. The MS renormalized pseudoscalar and axial operators, as defined in the scheme of 't Hooft and Veltman (HV) [26] , involve extra finite factors, Z [27] :
The relation between the NDR and the HV schemes is:
We would like to point out that although the expressions for Z Other variants of MS include the DREZ and DRED schemes; the conversion from one scheme to another can be found in Section 4 of Ref. [11] . Our results for the fermion bilinears using the Wilson gauge action and without stout smearing, converted in the DREZ scheme, agree with the corresponding results of Ref. [11] .
Having obtained Z 
V. SUMMARY
In this paper we presented the calculation of the fermion propagator and the Green's functions for the ultra-local fermion bilinear operators: scalar, pseudoscalar, vector, axial and tensor. The computations were performed to one loop in lattice perturbation theory, using staggered fermions and Symanzik improved gluons, parameterized by 3 independent "Symanzik" coefficients; explicit results are presented for some of the most commonly used actions in this family: Wilson, Tree-level Symanzik, Tadpole improved Lüscher-Weisz, Iwasaki and DBW2.
The novelty in our calculations is the stout smearing of the links that we apply in both the fermion action and in the bilinear operators. More precisely, we use 2 steps of stout smearing with distinguishable parameters. To make our results as general as possible we also distinguish between the stout parameters appearing in the fermion action and in the bilinears.
Our expressions for the fermion propagator and the Green's functions of the bilinear operators exhibit a rather nontrivial dependence on the external momentum (q) and the fermion mass (m), and they are polynomial functions of the gauge parameter (α), stout parameters (ω Ai , ω Oi ), and coupling constant (g). The numerical coefficients appearing in these expressions depend on the Symanzik parameters of the gluon action and are presented for the tree-level Symanzik improved gluon action; the most general expressions can be found in the electronic document, in the form of a Mathematica input file, "Staggered.m" .
Using the aforementioned results we extract the renormalization function of the fermion field and those of the fermion bilinears in the RI ′ -MOM scheme and we provide the appropriate conversion factors to the MS scheme; we pay particular attention to the operators which include a γ 5 in their definition. Moreover, for the case of the vector and axial operators we give an alternative prescription to obtain the renormalizations in the RI ′ scheme. There are several directions in which the present work could be extended:
• A natural extension would be the computation of the Green's functions for operators including covariant derivatives, such as the one-derivative vector and axial operators
The corresponding renormalization functions may be applied to the nonperturbative lattice evaluation of the momentum fraction of the nucleon, < x > q , and the moment of the polarized quark distribution of the nucleon, < x > ∆q .
• A related further work using staggered fermions with stout improvement would be a computation of Green's functions for 4-fermi operators; a work in this direction can be found in Ref. [28] .
• A possible improvement to the action may involve further iterations of stout smearing; such a procedure has been applied to Wilson fermions [29] .
• It would be also interesting to calculate the Green's functions up to second order in the lattice spacing; such an extension would not only be useful to constructing improved versions of the operators, but also to remove O(g 2 a 2 ) contributions from the non-perturbative estimates of the renormalization functions. Similar computations have been performed recently with Wilson/clover/twisted mass fermions [19] , [15] , [30] . • g2tilde:g 2 ≡ g 2 C F 16 π 2 (g: coupling constant)
• m: Lagrangian mass 
where:
• omegaO1(omegaO2): the first (second) stout parameter coming from the smearing of the links appearing in the bilinears
We note that Eqs. 
For convenience, all quantities in Eqs. (C3) -(C14) may be also retrieved using only their first argument; thus, for example: vector [9] will result in Λ 
